The solutions of Heisenberg equations and two-particles eigenvalue problems for nonrelativistic models of current-current fermion interaction and N, Θ model are obtained in the frameworks of dynamical mapping method. The equivalence of different types of dynamical mapping is shown. The connection between renormalization procedure and theory of selfadjoint extensions is elucidated.
General consideration
The main problem of QFT follows from the fact that any solutions of Heisenberg equations (HE) are the operator distributions which products, always appearing in that equations, are ill-defined.
(i∂ t − E(P)) Ψ α ( x, t) = [Ψ α ( x, t) , H I {Ψ}] =? for H{Ψ} = H 0 {Ψ} + H I {Ψ}
So, the correct definition of field equations (and Hamiltonian itself) implies some knowledge about qualitative properties of its solutions which in their turn depend on the form of these equations by a very singular manner. The usual way to go out from this closed circle is connected with perturbation theory. It is based on the assumption that product of Heisenberg fields (HF) may be defined as well as for the free ones and solution of HE may be obtained by perturbation in the Fock space of renormalized free fields. However, it is impossible on such a way to work with nonrenormalizable theory and to understand the origin of the bound states. We consider another possibility which is based on the idea of dynamical mapping and reduce the product of HF to the normal ordering for the product of the physical fields. It is originated from the works of R.Haag [1] , O.Greenberg [2] , H.Umezawa [3] , and L.D.Faddeev [4] M.I.Shirokov [5] (see also [6] ). In this approach the problem of making a sense for formal expression of HF:
Ψ( x, t) = e iH(t−t 0 ) Ψ( x, t 0 ) e −iH(t−t 0 ) =⇒ F t [Ψ( x, t 0 )] ,
for Hamiltonian given as a functional H = H [Ψ( x, t)], is divided on two parts. The first one is the construction of the following operator realization of the initial fields Ψ( x, t 0 ) = Ψ[ψ] via physical fields ψ( x, t) ≡ ψ A α ( k) , which, on the one hand, should be consistent with CCR (CAR) (α = 1, 2)
and on the other hand leads to unique stable vacuum | 0 and one-particle state | 1 k, α with definite spectrum E( k):
Moreover, let us suppose that for such operator realization the reduced (time-independent) Hamiltonian for the definite moment t = t 0 does not contain "fluctuation" terms [7] up to fourth order and looks like :
The general consideration of the existence of the operator realizations of such kind is a subject of our another work. They always exist for the Lee models considered below. This work will be concentrated on the second part of the problem which is the construction of the corresponding dynamical mapping (Haag expansion) F t [Ψ( x, t 0 )] as a series of normal ordered products of physical fields Ψ( x, t 0 ) or ψ( x), A( k):
The case (9) means, moreover, the stability and absence of any polarization not only for vacuum and one-particle states but also for arbitrary N-particle ones. So, for arbitrary N one can reduce the product:
However, if fluctuation terms appear with min (m, n) ≥ N 0 , then such reduction (14) is possible only for N < N 0 . There exist two essentially different choices for the initial moment t 0 leading to corresponding different choices of physical fields: 
The second choice t 0 = 0 is used here. It seems more economical, and both bound and scattering eigenstates look equal in rights for that choice.
One can check by direct substitution that solutions of both scattering and bound state two-particles eigenvalue problemŝ
exist in the Fock eigenspace of kinetic part of reduced Hamiltonian (6)
in the following form:
where corresponding wavefunctions satisfy to the usual Lippman-Schwinger equations:
In its turn, at m, n ≥ 3 for the first coefficient function of (8)
from reduced HE (12) follows an integral equation with the same kernel:
It contains all information about two-particle sector, directly determining the scattering wave function for E 2 (P, q) ⇒ E 2 (P, q) ± iδ:
where the simply derived expression for scattering state was used:
which follows directly from (7) and definition of scattering state:
It is a simple matter to see that all integral equations above are exactly solvable for degenerate kernels:
The dynamical mapping formulae (7), (8) give two forms of instantaneous Bethe-Salpeter matrix element 0 | a α (
− κ, t) | 2, P , leading to the following identities when
it(E 2 (P,κ)−E 2 (P,q)∓iδ) − 1
which have a sense of off-shell extension of unitarity relation .
Four-fermion models
As a first example let us consider the contact four-fermion model. Defining
{Ψ α (x) , Ψ β (y)} x 0 =y 0 = 0; with the convention:
let us consider the local 4-fermion interactions with the following densities:
:
which give the HE (11),(12) for HF:
it[E 2 (P,
and for the following simple operator realizations via physical fields
lead to above reduced Hamiltonian (6) H{A} =: H 2 {A} : (note, that H 1 (x) looks like normal form of H 2 (x) for the case µ = 0), with the following degenerate kernel and parameters:
Here E(k) is arbitrary "bare" one-particle spectrum and V * has a sense of the volume of excitation.
Now the solution of (20) for the first coefficient function reads :
where ε(η) = ε(t) ≡ signum(t), ∆ > 0, and
Setting I q) ), from eq.(18) or from (21) for the scattering eigenfunctions with fixed spin J=0,1, defined in symmetrical basis (σ j , j = 1, 2, 3 -usual Pauli matrices):
as:
one has the following expressions:
where projectors are
The bound state wave functions look like simple residues of scattering one Φ
±(J)
Pq ( k) for corresponding poles for
For the case µ → 0 :
The obtained solutions directly satisfy to extended unitarity relation (24).
Case µ = 0 and linearisation of HE
Returning to HE, let us consider the conserved charge densities S (Ψ) (x):
It is clear that for µ = 0 the HE for S (Ψ) (x) contains only kinetic term. Then the initial conditions lead to the simple form of dynamical mapping for this operator:
So, HE (29) become linear equation with respect to HF Ψ α ( x, t):
and its solution gives the closed expression of HF in terms of the physical one:
where v(P) = ∇ p E(P) is corresponding group velocity. Dynamical mapping is given by normal ordering of this formal solution. It seems difficult to obtain such kind of solution in terms of in-fields.
4.N, Θ model
This model is determined by the following Hamiltonian, CCR, and HE:
All others (anti) commutators vanish. It is seen from this HE that as in the previous case (42) the HE for the operator N † (x)N(x) contains only kinetic term:
Then
Defining the HF N(x) and physical field N 0 (x) and HE in momentum representation
where E p+= ω(q) + m(p); and N 0 (x), Θ 0 (x) are defined by the same identities (48) with n(k, t) → N(k), o(k, t) → Θ(k), one has, as above, the linear HE for operator o(k, t)
with initial conditions o(k, 0) = Θ(k), n(k, 0) = N(k) which has the similar formal solution
whereK N (η) is integral operator with the kernel K N (k, l; η). Note, that for a given o(k, t) the equation (49) for n(k, t) is also linear. For the reduced Hamiltonian
as for the previous case, it's possible to find coefficient functions of dynamical mapping and two-particles bound and scattering eigenstates. The dynamical mapping up to third order now reads :
o(p, t) = O 
where the first coefficient function may be found as:
F (t; l, q; l + q − p, p) = −iλα(q)α(−p) The familiar solutions of eq. (18) for bound and scattering eigenstates of Hamiltonian (52) [3] , [7] :
